We introduce new measures of decoherence appropriate for evaluation of quantum computing designs. Environment-induced deviation of a quantum system's evolution from controlled dynamics is quantified by a single numerical measure. This measure is defined as a maximal norm of the density matrix deviation. We establish the property of additivity: in the regime of the onset of decoherence, the sum of the individual qubit error measures provides an estimate of the error for a several-qubit system. This property is illustrated by exact calculations for a spin-boson model.
Introduction
Dynamics of quantum systems coupled to dissipative environment has long been a subject of study in diverse fields [1] [2] [3] [4] [5] [6] . Recent interest in quantum computing has focused attention [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] on quantifying environmental effects that cause small deviations from the isolated-system quantum dynamics. During short time intervals of "quantum-gate" functions, environment-induced relaxation/decoherence effects must be kept below a certain threshold in order to allow fault-tolerant quantum error correction [21] [22] [23] [24] [25] [26] [27] [28] . The reduced density matrix of the quantum system, with the environment traced out, is usually evaluated within some approximation scheme, e.g., [29] [30] [31] . In this Letter, we introduce a new, additive measure of the deviation from the "ideal" density matrix of an isolated system. For a single two-state system (a qubit) this measure is calculated explicitly for the environment modeled as a bath of harmonic modes [32] , e.g., phonons. Furthermore, we establish that for a several-qubit system, the introduced measure of decoherence is approximately additive for short times. It can be estimated by summing up the devi-ation measures of the constituent qubits, without the need to carry out a many-body calculation, similar to the approximate additivity expected for relaxation rates of exponential approach to equilibrium at large times.
In most quantum computing proposals, quantum algorithms are implemented in the following way. Evolution of the qubits is governed by a Hamiltonian consisting of single-qubit operators and of two-qubit interaction terms [33, 34] . Some parameters of the Hamiltonian can be controlled externally to implement the desired algorithm. During each cycle of the computation the Hamiltonian remains constant. This ideal model does not include the influence of the environment on the computation, which necessitates quantum error correction. The latter involves non-unitary operations [21] [22] [23] [24] [25] [26] [27] [28] and cannot be described as Hamiltoniangoverned dynamics.
The accepted approach to evaluate environmentally induced decoherence involves a model in which each qubit is coupled to a bath of environmental modes [32] . The reduced density matrix of the system, with the bath modes traced out, then describes the time-dependence of the system dynamics [7-18, 29-31,35-37] . Because of the interaction with environment, after each cycle the state of the qubits will be slightly different from the ideal. The resulting error accumulates at each cycle, so that large-scale quantum computation is not possible without implementing fault-tolerant error correction schemes [21] [22] [23] [24] [25] [26] [27] [28] [38] [39] [40] . These schemes require the environmentally induced decoherence of the quantum state in one cycle to be below some threshold. Its value, defined for uncorrelated single qubit error rates, was estimated [41, 42] to be between 10 −6 and 10 −4 .
To evaluate error rate for a given system, one should first obtain the evolution of its density operator. In realistic cases various approximations are utilized [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [29] [30] [31] [35] [36] [37] . The most familiar are the Markovian-type approximations [35] [36] [37] used to evaluate approach to the thermal state at large times. It has been pointed out recently that these approximations are not suitable for quantum computing purposes because they are usually not valid [6, 19] at low temperatures and for the short cycle times of quantum computation. Several non-Markovian approaches [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [29] [30] [31] have been developed to evaluate the system dynamics at short-times.
Additional issues arise when one tries to study decoherence of several-qubit systems. One has to consider the degree to which noisy environments of different qubits are correlated [43] . If all the qubits are effectively immersed in the same bath, then there is a way to reduce decoherence for this group of qubits without error correction procedures, by encoding the state of one logical qubit in a decoherence free subspace of the states of several physical qubits [44] [45] [46] [47] . In a large scale quantum computer consisting of thousands of qubits, it is more appropriate to consider qubits immersed in distinct baths, because these errors represent the "worst case scenario" that necessitates error-correction.
Once we have the density matrix ρ(t) for a singleor few-qubit system evaluated in some approximation, we have to compare it to the ideal density matrix ρ (i) (t) corresponding to quantum algorithm without environmental influences. We have to define some measure of decoherence, D(t), to compare with the fault-tolerance criteria, which are not specific with regards to the error-rate definition [21] [22] [23] [24] [25] [26] [27] [28] . It is convenient to have the measure non-negative, and vanishing if and only if the system evolves in complete isolation. Since explicit calculations beyond one or very few qubits are exceedingly difficult, it would be also useful to find a measure which is additive (or at least sub-additive), i.e., the measure of decoherence of a composite system will be the sum (or not greater than the sum) of the measures of decoherence of its subsystems.
In this Letter, we identify two measures of decoherence which have these desirable properties, and one of which is also relatively easy to calculate analytically and is not sensitive to the frequencies of the system's internal dynamics. We prove the asymptotic additivity and derive explicit results for decoherence in a short-time approximation. For entangled qubits, such properties have not been established for the traditional measure of degree of deviation from a pure state by quantum von Neumann entropy [48] , nor for the fidelity measure described, e.g., in [49] [50] [51] [52] [53] . In Section 2, we introduce our preferred operator-norm measure of decoherence. The additivity of both decoherence measures within for a spinboson type model is explored in Sections 3 and 4. An extended version of our results has been presented in [54] .
Operator norm as a measure of decoherence
Typically, the Hamiltonian of a quantum system interacting with environment has the form
where H S is the internal Hamiltonian, H B is the Hamiltonian of the environment (bath), H I is the system-bath interaction term. Over gate-function cycles, the overall density matrix R(t) of the system and bath evolves according to
Usually the initial density matrix
is assumed [35] [36] [37] to be a direct product of the initial density matrix of the system, ρ(0), and the thermalized density matrix of the bath, Θ. The reduced density matrix of the system is obtained by tracing out the bath modes,
There have been several approaches considered in the literature to quantify the deviation of the density matrix of the system from the ideal (without environment) dynamics [49] [50] [51] [52] [53] 55] . In order to introduce our operator-norm measure, we start with the deviation,
of the reduced density matrix from the ideal
As a numerical measure of the deviation we will use the operator norm σ λ . It is defined [56] as the maximal absolute value of the eigenvalues of the matrix σ . For a 2 × 2 deviation matrix,
Note that σ λ is not only a function of time, but it also depends on the initial density operator ρ(0). Due to decoherence, it will increase from zero as time goes by. However, its time-dependence will also contain oscillations at the frequencies of the internal system dynamics, as illustrated in Fig. 1 . The effect of the bath can be better quantified by the maximal deviation This measure of decoherence, which is always in [0, 1], will typically increase monotonically from zero at t = 0, saturating at large times at a value D(∞) 1. The definition of the maximal decoherence measure D(t) looks rather complicated for a general multiqubit system. However, in what follows we show that it can be evaluated in closed form for short times, appropriate for quantum computing, for a single-qubit (two-state) system. We then establish an approximate additivity that allows us to estimate D(t) for severalqubit systems as well.
To be specific, let us outline the calculation of this measure of decoherence of a two-level system (spin, qubit) interacting with a bosonic bath of modes. Thus, we take
Here ω k are the bath mode frequencies, a k , a † k are the bosonic annihilation and creation operators, g k are the coupling constants, σ x and σ z are the Pauli matrices, andhΩ > 0 is the energy gap between the ground (up, |1 ) and excited (down, |2 ) states of the qubit.
The dynamics of the system can be obtained in closed form in the short-time approximation [19] . The general expression [19] for the density operator of a spin-1/2 system is
ρ pq (0) m|µ µ|p q|ν ν|n
Here the Roman-labeled states, |j , with j = m, n, p, q = 1, 2, are the eigenstates of H S corresponding to the eigenvalues E j /h = (−1) j Ω/2. The Greeklabeled states, |ζ , are the eigenstates of σ x , with the eigenvalues η ζ = ζ , where ζ = µ, ν = ±1. The spectral function B 2 (t) is defined according to
k B is the Boltzmann constant, and T is the initial bath temperature. This function has been studied in [6, 44, 57] . With
we get
In Fig. 1 , we show schematically the behavior of σ (t) λ for three representative choices of the initial density matrix ρ(0). Generally, σ (t) λ increases with time, reflecting the decoherence of the system. However, oscillations at the system's internal frequency Ω are superimposed, as seen explicitly in (16) .
The effect of the bath is better quantified by the maximal operator norm D(t). In order to maximize over ρ(0), we can parameterize
where 0 p 1, and U is an arbitrary 2 × 2 unitary matrix,
By using the rigorous definition [56] of the norm,
one can show that in this case it suffices to put p = 1 and search for the maximum over the remaining three real parameters α, γ and θ . The result, sketched in Fig. 1 , is
Subadditivity properties of the decoherence measures
In quantum computing, the error rates can be significantly reduced by using several physical qubits to encode each logical qubit [45] [46] [47] . Therefore, even before active quantum error correction is incorporated [21] [22] [23] [24] [25] [26] [27] [28] , evaluation of decoherence of several qubits is an important, but formidable task. Consider a system consisting of two initially unentangled subsystems S 1 and S 2 , with decoherence norms D S 1 and D S 2 , respectively. We denote the density matrix of the full system as ρ S 1 S 2 and its deviation as σ S 1 S 2 , and use a similar notation with subscripts S 1 and S 2 for the two subsystems. If the evolution of the system were governed by the "non-interacting" Hamiltonian of the form
where the terms H S 1 , H S 2 act only on variables of the system S 1 , S 2 , respectively, then the overall norm D S 1 S 2 could be bounded by the sum of the norms D S 1 and D S 2 ,
In general, even for interacting subsystems, initially unentangled qubits will remain nearly unentangled for short times, because they didn't have enough time to interact. Therefore, for nearly unentangled qubits, the inequality
is expected to provide a good approximate estimate for D S 1 S 2 , i.e., the measures for individual qubits can be considered approximately additive. Establishing a similar approximate bound for entangled qubits is considerably more complicated, and will be accomplished in Section 4. For large times, the separate measures become of order 1, so this bound is not useful. Instead, the rates of approach of various quantities to their asymptotic values are approximately additive in some cases [43, 55] . In the rest of this Letter, we therefore focus on the short-time regime and establish a much stronger property: as mentioned, we prove the approximate additivity for initially entangled qubits whose dynamics is governed by (9)-(11) with coupling to independent baths.
For intermediate calculations, we use the "diamond" norm [38] [39] [40] , which we denote by K,
Here, the trace norm [56] is given by
The two superoperators are defined as generating the actual and "ideal" dynamical evolutions, (26)
I G is the identity superoperator on a Hilbert space G whose dimension is the same as that of the corresponding space of the superoperators T and T (i) , and is a density operator in this space of twice the number of qubits.
Consider again the composite system consisting of the two subsystems S 1 , S 2 , with the "non-interacting" Hamiltonian (21) . The evolution superoperator of the system will be (27) 
and the ideal one will be
The diamond measure for the whole system can be expressed [38] [39] [40] as
The step that follows the inequality, in (29) , proved in [38] [39] [40] as the "stability" property, was established specifically with the definition (24) .
The approximate inequality
for the diamond norm K has thus the same form as for the norm D. Let us emphasize, however, that there is an important difference in that the relation for D further requires the subsystems to be initially unentangled. This restriction does not apply to the relation for K. This property is particularly useful for quantum computing, which is based on qubit entanglement. However, even in the simplest case of the diamond norm of one qubit, the calculations are extremely cumbersome. Therefore, the measure D is favorable for actual calculations.
Derivation of the additivity property and summary
To recapitulate, the measure K explored in the preceding section allows derivation of stronger results.
However, the measure of decoherence D is significantly easier to calculate. Therefore, we aim at establishing stronger results for D for the spin-boson model in the short-time approximation by relating the two measures.
While in general one can prove that
for a single qubit, explicit calculation within the shorttime approximation actually gives (32) K(t) = 2D(t) (single qubit).
Since the multiqubit norm D is generally bounded by K/2, it follows that for the specific model considered, with a bosonic heat bath acting independently on each of the qubits, the multiqubit D is approximately bounded by the sum of the single-qubit norms even for the initially entangled qubits, This completes the proof of additivity of the measure D(t) at short times, for spin-qubits interacting with bosonic environmental modes. This result should apply as a good approximation up to intermediate, inverse-system-energy-gap times, e.g., [19] , and it is consistent with the recent finding [58] that at short times decoherence of a trapped-ion quantum computer scales approximately linearly with the number of qubits.
